1* Year: Elec. Eng.(Power) Mathematics 2-B

Answer All Questions Mid-Term Exam (8 — 5 — 2011) Time 1 Hour
[1]Find the series solution of the equation x2y“—xy+(1+X)y =0

ooe—2x 00 X2 ® X _ gX
[2]Compute the integrals: (a) [ == dx (o) | 7 dx ) | dx

0 XV X _ol+x 0o X
[3]Find F(s) to the functions: (a) f(t) = (t—25int)2 (b)f(t)=(t-2)sin(t-2), t>2

[4] Define the Dirac function gg(t) and show that L{gp(t)}=1
[5]Using L.T solve the equation: y -4y +4y =t et]Z , Y0) =y (0)=0

Good Luck, Dr. Mohamed Eid

Model Answer

[1] Since p(x) = —E, q(x) = 1+—2X are not analytic functions at x = 0.
X

X

But x p(x) =—1 and x2q(x) = 1+ x are analytic functions at x = 0.

o0 o0
Then y(x)= Ya,x"C y= Yan(n+c)x" 1 and

o0
y = Yap(n+c)(n+c—1)x"+c-2
n=0
From the given differential equation, we get

o0 o0 o.0] o0
>S(+c)(n+c-Dapx"— T(n+c)apx"+ Tanx"C+ ¥ apx" =0
n=0 n=0 n=0 n=0

o0 o0
Then c(c-Dagx®—cagx®+agx®+ X(n+c)(n+c-Da,x" ¢~ S(n+c)a,x" ¢+

Q0 [00)
+ ZaanJrc+ Zaan+C+1=0-
n=1 n=0
In the first, second and third sum, put n =m.
In the fourth sum, putn+1=m.

Then (c2—2c+Dagx®+ S[(M-+c)(m+c—1)—(M+6)+1) am+am_i]x™°=0
m=1



Equating the coefficients, we get

The indicial equation is ¢2—2c+1= 0. Then ¢ =1.

The recurrence relation is:

(m+c)(m+c-2)+Dap+am1=0m=123...

Then an, = —am-1 m=123...
(m+c)((m+c—-2)+1

—ag  _—ag
(c+D(c-D+1 (2

If m=1,then g;=

—a] ao

If m=2, then = =
T D©O+1 2(c41)?

If m=3,then a3= —az _ —ao .
(c+3)(c+)+1 (c(c+1)(c+2))

Theny = xcao[l—izdr x* - x° 2}
c” (c(c+1)” (c(c+D(c+2))

XN _ ¢ 1- 2 X _ X
o nxa{ c2+(c(c+1))2 (c(c+D)(c+2))? ]

+agx®|0+3 - 22+ + 2(3c2+6c42)x
’ 03 (C(C+1))3 (C(C+1)(C+2))3

_ X X2 X3
Putting ¢ = 1, then u(x) = agpX 1——2+ 5~ 5
1©° (1.2 (1.2.3

2 3

X X X 2X
and v(X) = ggXInx/1-—+ — +aox{—— +
12 (1.2)% (1.2.3)° 1 12)° @233

Then y(x) =A u(x) + B v(x).

6x2

22x3

}.



o0 e—2X
[2](a) Puty = 2x, we get |

o0
dx =2 [ y /% Ydy = 2T (-1/2) = —2\/2n
0

0 XVx
2 0 2 2
(b)Since is even function. Thenj dx = 2[ dx
l+)(4 1+x 01+x4
o 2 -1/4
Put y =x%, we get j dx=2.- fy—dy—1 (§,1)=—2n
1+ x4 45 1+y 2 4’4 2
i 1 1
c) Since L{2X-3%}= —
© 27 -3} —In2 s-In3
X _ X o0 _ 0 AX _ nX
and {2 =33t eSS 7203 ey,
X s $—In2 s-In3 s—In2 45 X
X X
Putting s =0, wegetj2 3 dx _I:n—g
n

[3](@)Since f(t) = (t—2sint)? = t2—4tsint + 4sin?t = t2 — 4tsint + 2 — 2cos 2t

Then F(s)=%+4[iz]‘+3_ 252:33+ —832+E_ 232
S 1+s S 4454 s (1+52) S 4+s

ybea=taint and L0} = _[1+152]\:( ZS2)2
1+s
25 =25

Then L{f(t)}= F(s) = L{g(t - 2)} = L{(t - 2)sin(t - 2)} = 7€
(1+s2)

[4] Dirac Delta Function

1 te [O 8]
Let Fe(t)=1<¢

0,t e(g,oo)

The Dirac delta function is defined by: g(t) = LimF¢(t)

t¢—0



The Laplace transform of gg(t) is 1.

Proof

o0 €1 e—St & 1— e—38 Se—sa
L{60(t)} = Lim [ Fe(t)e™Sldt =Lim[=e~Sdt= Lim| =—— | =Lim = Lim =1
e—00 e—>00¢€ e>0 € |5 >0 “SE g0 S

[5] Since y“—dy+4y =[t !]” = t22!. Then L{y" '}~ 4L{y }+4L{y}= L{1%}

2
(5-2)

Then [s2Y(s) —sy(0) -y (0)] - 4[sY(s) - Y(0)] + 4Y(s) =

3

2
(s-2)

From the initial conditions, we get s2Y(s) —4sY(s) + 4Y(s) =

3

Then Y(s)=

E- Then, the solution is y(t) = %t“e2t
(s-2) '
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_‘n ln_

Glela 3 el (Cllds) Ly dSuu\;\ - jm\ ol gdaia b dlud (5) gt | Marks
[1] Find the series solution of the equations: 20
@y +xy=0 (b) x?y +xy -~y =0
[2] Evaluate the integrals:
20
© o —2X /2 1 gt _ 2t
(a) j a7 dx (b) | tanx dx (c) [ X.p3(x)dx (d) j
0 0
[3](a)Prove that: If f(t) is function with Laplace transformation F(s). Then
o0
L{f(t)/t} = [ F(s)ds 10
S
(b)Find the Laplace transformation of f(t) = (e3t—2t)2
(c)Find the inverse Laplace transform of F(s) = %
s°(s*+1) 5
[4] Using Laplace transformations, solve the equations:
@y -4y =t y(0)=0, y(0)=3 5
- . 2 .
)y +4y —4y=T[tel]", y(0)=0,y(0)=0
€y +y=sint, y(0)=0, y(0)=1
[5] Solve the P.D. equations: 6
(8) Bux +4uy+25u=20 (b) ux—uy+u=0, u(0,y) =2y 6
(€) uxx —4uxy +3uyy =sin(2x +3y) .
8+6
6

Good Luck, Dr. Mohamed Eid
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_‘n ln_

el 3 ()l (Clilds) LY ds 441;3 o }ums\ sbal g daiia i Al (5) glaieY) | Marks
[1](a)Find the line y = ax + b that fits the data (1, 2), (2, 4), (4, 5), (5, 3), (6, 10). 10
(b)Write the table of differences of the data (1, 1), (2, 4), (3, 12), (4, 15), (5, 20) 10
and then find the value of y at x = 1.5
[2](a)Find the logarithmic curve y =a In x + b that fits the data: 10
(1, 3), (3, 4), (4, 6), (5, 12), (7, 20).
(b)Find the value of x at y = 3 from the data: (1, 2), (3, 4), (5, 9), (7, 11). 10
[3]Find the following integrals:
@ [ xyDaye ®) ] gfxz—d 6+6
a Xy“)dydx ydx +
00 0 \x2+y?
(2,4)
©) [ (x?2+2y)dx+(x-y)dy through y=x’ 8
(0,0)
1 2 8
[4](a)Find B=+/A where A= {o 9}.
6
(b)Write the Hessain matrix of the function f(x) = x%+ 2Y + xysinz
(c)Show that P = 5x2 +3y?+4z2—2xy—4xz is positive definite. 6
. - : X, [x|<2
[5](a)Write the Fourier integral of the function f(x) = 8
0, |x|>2
(b)Write the Fourier series of the function f(x)=x, xe[-n, @], f(x + 2n) =f(x) | 12

Also, find the sum 1—%+%—1

7

Good Luck, Dr. Mohamed Eid
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Time 3 Hours | ALY Kals QMUMUW@@\ (5) olaiaY! Marks
[1] Find the following integrals:
© 1 22 /2 © 2sin3t.sin 4t 20
(@) [ ——= dx (b) [ =—=dy (c) | Jcotz dz (d) j dt
0 VXeX ov2-Y 0 t
[2](a) Find the series solution of the equation: y —xy = 2x 8
(b) Using Laplace transforms, solve the equation: 8
y -3y +2y=¢?t, y(0)=y'(0)=0
[3](a)Find the Laplace transformation of the functions:
(i)ft) = (et—21)° (ii) f(t) = Vt +e3tsint 10
(b)Find the inverse Laplace transform of :
: 1
1)F(s) = i) F(s)=
OFE) == (i) FE) = 5—— 10
[4] Solve the following partial differential equations:
(8) ux —2uy+3u=0, u0y)=e%¥ (b) 3uy +4uy =5(x2+Yy?) 24
(€) uxx — Buxy =e2**Y (d) uxx —Buxy + 2uyy = COS(X +Y)
[5](a) Prove that: B(m,n) = LM-L(1)
I'(m+n)
10
i X 1 2] X el
(b)Solve the linear system: | _|= +
y 2 1]ly] |et
10

Good Luck, Dr. Mohamed Eid




Model Answer

o0 o 1 1
[1] (a) ji dX= [ x5 e dx. Put x=2y, dx=2dy
0 y/XeX 0

o 1
Then 1=2[y 5 eYdy=2r@1/2)=2n
0

2 .2
(b)jzy—dy. Put y=2x, dy =2dx
ovée—Y

1
Then 1=-8 732 1507 dx = 442 B3, 1) = 842

o0
Té B 27 15

(c) f x/cot dz= f (cosz)2(3|nz) 2dz_% (=,

hloo

N
]
=

-l>||—\

o0
@] 25|n31 sin4t dt

S
s2+1 s2+49

Since 2sin3t cos4t = cost — cos7t and L{cost—cos7t}=

_ 00 0
Then I_{cost cos7t}: 1 23 s )ds_ll S +49_ I(cost cos7t) sty
t s s2+1 s2+49 2 $2+1

Putting s =0, then I:%In49zln7

[2](a) From the equation: y —xy =2X

Since p(x) = 0 and q(x) = — x are analytic functions at x = 0.



[0 0]
Then the power series solution takes the form:y = > g, x"
n=0

o0 o0
Then y'= Znanx”_l and y = Zn(n—l)anx”_2
n=1 n=2

o0 o0
Substituting in the given equation, we get >’ n(n—l)an xN—2 - > an xNt1 = 2x
n=2 n=0

o0 o0
Then 2a2xo+ Zn(n—l)anx”‘2 — Yanx"=2x

In the first sum, putn—2=m

In the second sum, putn+1=m

o0
Then 2g,+ X [(m +2)(m+Dami2 —am_l]xm =2X
m=1

Equating the coefficients in both sides, we get

2ap=0, then g0 =0

When m=1: 6az—ag=2  Coefficient x

[(m+ 2)(m+1)am_|_2_am_1] =0 , M= 21 31 41
Thus the recurrence relation (R.R) is:

dm-1 -
= , m=23
Am+2 = 1) (m+2)

If m=2, then —a
4=

If m=3, then a5=%=0

If m =4, then aG:E——ZJFaO

30 180



Then y(X) = ag+agX+azx>...

2+
ag 3+a14 O aOX6+

+ X+O+2
aTa 12 180

1 1 1 1
= agll+ =x3+—x0+.. J+ax+ —=x*+..]+[=x3+—x5+
aol 5% T 150X J+al TR J [ 50X * ]

(b) Since L{y -3y +2y}=1L{e*'}

Then (s2Y —sy(0) —y'(0)) —3(sY — y(0)) + 2Y = iz
From the conditions y(0) =y (0) =0
2 1 1
Then, we get (s¢—3s+2)Y=—— Or Y =
52 (s-1)(s-2)
1 1 1

Using methods of partial fractions, we get Y =

- +
s-1 s-2 (5-2)°
Then, the solution of the equation y(t) =e! — g2t + te?t

[3](a)(i) Since f(t) = (e_t—2t)2 —e 24 4t2—4tet. Then F(s) = L8 4

s+2 3 (s+1)?

r@2) 1

(iSince f(t) = 't +e3tsint. Then F(s) =—7 -
S (s—3)“+1

. Since L_]{i}:et and L_l{—} Ietdt—e _

(b)(i) F(s)=82(s_1) - o0 )

Then f(t) = LY

%_) f@—mPe—



S 2 1
2-3s+2 s-2 s-1

(if) Using methods of partial fractions, we get F(s) =

Then f(t) =2¢2t—gt

The required solution takes the form u(x,y) =e®*PY. Then uy=au, uy=bu.

Substitute in the given equation, we get (a—2b + 3)u=0.

Then a—2b+3=0 and a=2b—3. Then u(x,y) = e(20-3)x+by
From the given condition, u(0,y)=¢3 =¢bY. Then a=3=bh.
Then the required solution is u(x,y) =e3%+3Y.

(b) 3uy +4uy =5(x2+y?)

Let oo =xcosO +ysin® and [ =-—xsind +y coso.

Then uy =ugqox +upBy =uCOSO —ugsin®

Uy = Ua(ly+u[3By =1,SIiN0 +uBcosG
Substituting in the given equation, we get
3(Cos0.ug —sinO.up) + 4(sin O.ug + cosO.ug) = 5(a® + )
Since u(x,y) =w(a , B). Then
[3c0s0 + 4sin0]w,, +[-3sin0 +4cos0]wp = 5(a? + %)

If the coefficient of W IS zero, that is, — 3sin® + 4cos6 = 0.



Then tanezﬂ, sine:ﬂ and cosez§.
3 5 5

Then, we get w,, = 2 +p?

W:j(a2+[32)da:%a3+a[52+c([3).

—4x+3y 2 —4X + 3y
+Cc(——
c ( c ) +c( c )

3
Then u(x,y):%(?’xgd'y) +3x+4y

where c(@) Is arbitrary function.

(€) uxx —Buxy =e2X*Y. Since the C.E. is k?—3k =0. Then k=0, k=3.
Then yc =f1(y +0x) +fo(y +3X)

1 1 1
62x+y _ er+y — _62x+y

u =
' D2_3DE 4-6 2

The general solution is u(x, y) = uc + u,

(d) uxx —3uxy + 2uyy =COS(X +Y). Since the C.E. is k?—3k+2=0.Then k=1, k=2.

Then yc=f1(y +X) +fo(y +2X)

cos(X +Y)

1 1
= COS(X +Yy) =—————C0os(X +Y) =
D2 —3DE + 2g2 (x+Y) ~1+3-2 (x+) (D—E)(D -2E)

uj

Assume that y+x=c; and y+2x=c;,. Then

OB COS(X+ Y) = [ cos(X+ ¢y — X)dx=][ cosg1dx= X OS¢y = XCOS(X+ V)



XCOS(X + V) = [xcos(X + ¢co — 2X)dX
S —p X00s(x+Y) = [xcos(x +c2—2X)

= [xcos(co — X)dx (Integrate by parts)
= XSin(co — X) +cos(cy — X)
= Xsin(y + x) + cos(y + X)

Then yy=xsin(y +X) +cos(y + X)

The general solution is u(x, y) = u¢ + U

'(m).I"(n)
I'(m+n)

_ X 1 2)x et
(b) The linear system: {y}_L J{Y}Fl:e‘t}

1 2
The coefficient matrix: A :L J

[5](a) Theorem: B(m,n) =

m
Then |A—m||:‘ , =(1-m)°-4=m2-2m-3=0.Then m=3, — 1.

1—m‘

The characteristic value problem is:

7 o)

: -2 2 |la 0
If m =3, then we get the linear system: =
2 -2|b] |0

We get: 2a—2b =0. Putting b=1, wegeta=1.

1
Then, the eignvector is X1 = L} et



_ 2 2| a 0
If m=-1, then we get the linear system: =
2 2|lb 0

We get: 2a+ 2b =0. Putting b=1, wegeta=—1.

-1
Then, the eignvector is X5 ={ 1 }e_t

o3t —t
The fundamental matrix is X =
et ¢

Then |X|= 2¢2t

-1 1
. 76_2t_ze_4t
[(x¥(t)dt==
2 —Ze2l4t
2
1 ot 1 I
) ) 1[ed —et] e 2€ 1 (-t 4)e
v = X[(xXHO0dt=>1" 7 . =5
e e _Ee2t+t (t—z)e_t—et

X
The general solution is {y} =1X1+Cc2X2 + V(1)



